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Existence of positive solutions for 3n'" order boundary
value problems involving p-Laplacian

R. R. SANKAR!, N. SREEDHAR? and K. R. PRASAD?

ABSTRACT. This paper establishes the existence of positive solutions for 3n'™ order differential equations
with p-Laplacian operator

(=) [gp ("D (@)]" = g(t,v(t)), t € [0,1],
satisfying the three-point boundary conditions

v3(0) = 0, vBHV(0) = 0, VD (1) = ;10D (), for0 < i <mn—2,
(650" (0)]at t=0 = 0, [¢p ("3 ()54 1—0 = 0,
[6p (@ (0)]oe =1 = anldp (@D ()]t =

wheren > 2,7 € (0,1), a; € (0, %) is a constant for 1 < j < n, by an application of Guo—Krasnoselskii fixed
point theorem.

1. INTRODUCTION

The theory of differential equations has been used in the modeling of physical, biolog-
ical and medical sciences aspects as well as economics to determine the optimal invest-
ment strategies. The boundary value problem involving p-Laplacian operator arises in
various real life applications such as biophysics, plasma physics, image processing, rhe-
ology, glaciology, turbulent filtration in porous media, radiation of heat etc. Due to the
wide applicability in most areas, the researchers have concentrated on establishing the
existence of positive solutions to p-Laplacian problems, see [1, 2, 6, 8, 11, 17, 12, 28]. For
applications and recent developments, we refer [4, 20, 22, 23, 24].

We establish the existence of positive solutions for 3n™ order three-point boundary
value problems involving p-Laplacian

(=)@ ()] = g(t,0(t)), t € [0,1], (1.1)
vB3(0) = 0, vBFV(0) = 0, vPH (1) = @103V (1), for0 < i <n—2,
[ (0" ()]at 10 = 0, [0~ ()] 4= = 0, (12)

[6p ("2 (E)at 121 = nldp (0 ()it s

wheren > 2,7 € (0,1), a; € (0, %) is a constant for 1 < j < n, and the function g :
[0,1]x Rt — R is continuous. The important and significant operator is one-dimensional
p-Laplacian operator and is defined by ¢,(r) = [7[P~*7, where p > 1, ¢! = ¢, and
zla + % = 1. By taking n = 1 and p = 2 in (1.1) and (1.2), reduces to third order three-point
boundary value problem and studied the existence of positive solutions based on various
methods by many researchers, see [7, 13, 14, 15, 16, 18, 19, 27, 29, 31]. However, as per our
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knowledge, very few works have been found in the literature on the existence of positive
solutions of higher order boundary value problems with p-Laplacian, see [5, 21, 25, 26, 30].
Motivated by above papers, we extend the results to the problem (1.1)-(1.2).

For establishing the new results, throughout this paper we assume the following con-
ditions are fulfilled:

(C1) ¢« is aconstant such that 0 < na; < 1forl < j <n, wheren € (0,1).
(C2) the function ¢(t, v) is a non-decreasing for the second variable v, and
(C3) 0< fol Gn(t,s)ds < cc.

The remaining part of the paper is organized as follows. The solution of the problem
(1.1)-(1.2) is expressed into an equivalent integral equation in terms of Green functions
and then certain inequalities are established for the Green functions in Section 2. The
existence of positive solutions to the problem (1.1)-(1.2) is established in Section 3. At the
end, the established results are demonstrated with examples.

2. GREEN’S FUNCTION AND ITS BOUNDS

The present section contains some preparatory results that are necessary for establish-
ing the main results. For this, we first build a Green’s function G;(t, s) (1 < i < n) for the
following third order three-point problem

—"'(t) =0, t €10,1], (2.3)
v(0) =0, v (0) =0, v'(1) = ayv'(n). (2.4)

Using G;(t,s) (1 < i < n — 1), we obtain Green’s function H,,_; (¢, s) recursively for the
following problem of (3n — 3)™ order with three-point boundary conditions

(=)™ B 3(1) =0, t € [0,1], 2.5)
v@(0) = 0, v+ (0) = 0, v (1) = az410® D (), 2.6)
for 0 <i<n—2,wheren > 3.

Lemma 2.1. If the assumption (C1) is fulfilled, then the Green’s function G;(t, s) (1 < i < n) of
the problem (2.3)-(2.4) is

Gil(tas)a OStSSS/’?Sl;
) _ Gi2(t7s)7 0 <s< mln{tﬂ?} < 17
Cill:s) =9 Gilts), 0<max{tg}<s<1, @7)
Gi(t,s), 0<n<s<t<l,
where
12 a;t?
4 = (1— 1 —
_ _loeg g2 ait? N
Gia(t,s) = 2[t 1—-s)—({t—s)]+ 20 _nai)s(l n),
12 a;t?
% ) =—(1- (1l - 9
Gua(t.s) = 1= 9) + g™ (1 =)
Gualtss) = 2P —9) = (1= 92+ =21 — )
ey 21— na) |

Proof. The result can be proved as in [27]. O
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Lemma 2.2. Suppose the assumption (C1) is fulfilled. If we denote G1(t, s) = Hy(t, s) and define
1
H;(t,s) = / H;,_1(t,m)G,(r,s)dr, for2 <i<mn, (2.8
0

recursively, then the Green’s function for 3n'" order problem
(=)™ (1) =0, t € [0,1],
v3)(0) = 0, v+ (0) = 0, vBEHD (1) = a1 (),
for0<i<n-—1landn > 2, is given by H,(t,s).
Proof. One can establish the result in a recursive manner. O

By using the Lemmas 2.1 and 2.2, the solution of the problem (1.1)-(1.2) is

v(t) = /01 Hp_1(t,8)¢q [/01 Gr(s,m)g(r,v(r))dr| ds. (2.9

Lemma 2.3. If the assumption (C1) is fulfilled, then G;(t,s) (1 < i < n) fulfills the following
conditions:
(i) Gi(t,s) >0, forallt,s € [0,1],
(i) Gi(t,s) < G,(1,s), forallt,s € [0, 1],
(iii) rtni?Gi(t, s) > n2Gi(1, ), forall s € [0,1], where I = [n, 1].
€

Proof. We can establish the result by simple algebraic computations. O
n—1 n—1

Lemma 2.4. If the assumption (C1) is fulfilled and if we define IC,, = H K; L, = H L;, then
i=1 i=1

H,(t, s) fulfills the following conditions:

(i) 0 < H,(t,s) < K,G,(1,s), forall t,s € [0,1],
(i) Hn(t,s) > n*"L,G,(1,s), forallt € Iand s € [0,1],

1
where K; = / Gi(1,r)dr and L; = / Gi(1,r)dr, for1 <i<n.
0 rel

Proof. We can prove these inequalities by using induction on n. O

The fixed point theorem of Guo—Krasnosel’skii stated below is used as the fundamental
tool to establish the existence of positive solutions of the problem (1.1)-(1.2).

Theorem 2.1. [3,9, 10] Let B be a Banach Space and the set k C B be a cone. Assume the sets
Oy and Qo are any two open subsets of B such that 0 € Qy and Q, C Q. Further, suppose that
the operator T: kN (Q\Qy) — Kisa completely continuous such that, either

(@) 1Tl < |lvll, ve kN O and || To|| > ||v]|, v € kK N IN, or
(i) || Tv]| > |jv]l, v € kNIQ and || Tv|| < |lv||, v € kK N ONy holds.

Then the operator T has a fixed point in N (Q2\ Q).

3. EXISTENCE OF POSITIVE SOLUTIONS

This section presents the existence of positive solutions to the problem (1.1)-(1.2). For

our construction, let B = {v : v € C(]0,1]} be a Banach space with norm,

2n—2
|v]| = max;epo,17 |v(t)]. Let M = % We now consider the set

k={veB:v(t)>0ontel01]and Iglé}ll](t) > M]|vl|}.
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Then the set « is a cone in B. Define an operator T : k — B as

1 1
v(t) :/ H,_1(t,8)dq {/ Gr(s,r)g(r,v(r))dr| ds. (3.10)
0 0
The following non-negative extended real numbers go, ¢°, oo and g are defined as
. g(ta 'l)) 0 . g(t7 ’U)
= 1 =
90 = o+ t€[0,1] ¢p(v)’ 9= 10 te[Oﬁ] ¢p(v)’
. . g(t, U) . g(tv U)
o = 1 and ¢*° = 1 ,
g o tg%ég] op(v) g oo tren[g,)i] op(v)

and also assume that they will exist. The case ¢° = 0 and go, = oo is called superlinear
and the case gy = oo and g*° = 0 is called the sublinear.

Lemma 3.5. If the operator T : k — Bis defined by (3.10), then T is a self map on the cone k.

Proof. By (C3) and the non-negative of G, (t, s), H,—1(t, s) in Lemmas 2.3, 2.4 that Tv(t) >
0forv € kand ¢ € [0, 1]. Then, by Lemma 2.4 and for v € k, we get

= /01 Hnl(t,s)¢q</01 Gn(s,r)g(r,v(r))dr) ds
<Kn-1 /01 Gnl(l,s)(bq(/ol Gn(s,r)g(r,v(r))dr> ds

1 1
(| Tv]| §1Cn_1/0 Gn_l(l,s)qbq(/o Gn(s,r)g(r,v(r))dr)ds. (3.11)

Now, by Lemma 2.4, for v € & that

1
l’tnel}lT’Ut —1}161}1{/ H,_1(t,s) q(/o Gn(s,r)g(nv(r))dr)ds}
1

> e z,cn_l/o Gn_1(1,s)¢q</0 Gn(s,r)g(r,v(r))dr)ds

27172)6”7
> (T il = Mol
n—1

so that

Therefore, T : K — x and hence, it is proved. O

Moreover, the operator T is completely continuous by Arzela—Ascoli theorem. Now,
we prove the existence of positive solutions to the problem (1.1)-(1.2) by superlinear case
and sublinear case.

Theorem 3.2. Suppose the assumptions (C1), (C2) and (C3) are fulfilled. If g° = 0 and goo = 00
hold, then the problem (1.1)-(1.2) has at least one positive solution in the cone .

Proof. From the definition of ¢° = 0, there exist &; > 0 and J; > 0 such that g(¢,v) <
&1¢p(v), for 0 < v < Jy, where §; satisfies

1 1
(51)‘1*1/@,1/0 Gn1(1,s)¢>q</0 Gn(l,r)dr>ds <1. (3.12)
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Choose v € k with |[v|| = J;. Then, for ¢t € [0, 1], and by Lemmas 2.3, 2.4, we get
1 1
To(t) :/ H,_1(t, s)(bq(/ Gn(s,r)g(r,v(r))dr) ds
0 0
1 1
S Kn—l/ G71—1(175)¢q</ Gn(lvr)fld)p(v)dr)ds
0 0

1 1
< ()T K / Gn_lu,sm( / Gnu,r)dr)dsnm < Jlo].

Hence, ||Tv|| < ||v|. Now, if we are setting 2y = {v € B : ||v|| < J1}, then
| Tul| < |||, for v € kN OQy. (3.13)

_ Further, since g, = 0o, there exist £, > 0and J, > 0such that g(¢,v(t)) > &2, (v), for v >
Jo, where & satisfies

. 774n2£%> (2 >
@ () [ entoe(f [ cunar)a=1 e

Let Jo = max < 2.y, Xf(} Choose v € k and |[v|| = J;. Then rzael}w(t) > M|v|| > Jo. Using

the Lemmas 2.3, 2.4, and for ¢ € [0, 1], we obtain

To(t) = /01 Hnl(t,s)¢q(/()1 Gn(s,r)g(r,v(r))dr) ds

> min { / H s>¢q( / Gl Ml v(r))dr) ds}

>0 2L, /SEI Gn-1(1, s)(bq(/ol Gn(s,r)g(r,v(r))dr) ds

>0 2Ly / IGnl(l,s)%(n? Gn(l,r)ﬁzqﬁp(v)dr)ds
ElS]

rel

> 2L ()T Gn1<1,s>¢q(n2

sel
n*"2L2 -1 2
> (L)@ [ Gt ([ Guttinar)lolds = ol
ntn—1 sel rel

Therefore, | Tv|| > ||v]]. So, if we take 25 = {v € B : ||v|| < J2}, then

Gn(l,r)dr>/\/l|v||ds
I

re

[To]| > ||v] for v € kK N ONs. (3.15)

By an application of Theorem 2.1 to the equations (3.13) and (3.15), the operator T has a
fixed point v € KN (22 \ 1) and that v is a positive solution to the problem (1.1)-(1.2). O

Theorem 3.3. Suppose the assumptions (C1), (C2) and (C3) are fulfilled. If go = coand g> =0
hold, then the problem (1.1)-(1.2) has at least one positive solution in the cone k.

Proof. From the definition of gy = oo, there exist {3 > 0 and J; > 0 such that g(¢,v) >
&30,(v), for 0 < v < Js, where &3 > & and & is given in (3.14). Let v € s and |jv| = Js5.
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Then, for ¢ € [0, 1] and by Lemmas 2.3, 2.4, we get

To(t) = /0 1 Hnl(t,s)q[)q( /O 1 Gn(s,r)g(nv(r))dr) ds

> min { / H, s>¢q( / 1 Gn<s,r>g<r,v<r>>dr) ds}

1
> 0P 2L, IGn1(173)¢q</0 Gn(s,r)g(r,v(r))dr>d8
sE

2 772”_257171 / s Gn71<1a 5)¢q (772 Gn(L T)f?)(bp(v)dr) ds
se

rel
> 220, (65)0 ] Gn-1(1,s)¢, (772 Gn(l,r)dr)./\/l|v||d5

sel rel

=22 ) ,
> <"> (&)1 Gr-1(1,5)¢q (17 Gn(l,r)dr> [lv]lds > |jv]|-
KnLn sel rel
Therefore, || Tv|| > ||v||. Now, if we are setting Q23 = {v € B : |jv|| < J3} , then
(I Tvl] > ||v|l, forv € Kk N ON3. (3.16)

_ Next, since g = 0, there exist {4 > 0 and .J, > 0 such that g(¢,v(t)) < &4, (v), for v >
Ju1, where &4 < & and &; is given in (3.12). Set g*(t,v) = sup g¢(t,s). Then, it is obvious

0<s<vw
that ¢g* is a non-decreasing real-valued function, g < ¢* and
*(t
TR )
vV—r 00 v

It follows that there exists .J; > max{2.J3, J;} such that g* (t,v) < g*(t, J4), for 0 < v < J,.
Choose v € k with ||v|| = Js. Then

1) = [ Hoatt:5)0n( [ Gulosrigtrooar )i
< Kooy /OlGn1(1,8)¢q</01 Gon(s,)g(r, J4)dr)ds
<Ko | G, s)%( / 1 Gn<s,r)§4¢p<J4>dr) ds
< Kpate [ 1 Guoat5)0,( [ 1 G (1,7)ar ) s

< Ja= ol
Hence, || Tv|| < |Jv]|. So, if we are setting 24 = {v € B : ||[v|| < J4}, then
(ITo|| < o], for v € Kk N OQy. (3.17)
Using Theorem 2.1, the equations (3.16) and (3.17) yields that the operator T has a fixed
point v € kN (24 \ 3) and that v is a positive solution to the problem (1.1)-(1.2). O

Let us consider the examples to demonstrate our results.
Example 3.1. Letn =1,p =2,1 = 4, ay = 3. Consider the p-Laplacian problem
—v"(t) = g(t,v(t)), t €[0,1], (3.18)
1 1

v(0) =0, v'(0) =0, V(1) = gv' <2> . (3.19)
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() If g(t,v(t)) = e!(!=Y93/2, then all the conditions of the Theorem 3.2 are satisfied.
Therefore, the problem (3.18)-(3.19) has at least one positive solution.

(b) If g(t,v(t)) = (1 + t?)e?, then all the conditions of the Theorem 3.3 are satisfied.
Therefore, the problem (3.18)-(3.19) has at least one positive solution.

Example 3.2. Letn = 3,7 = % ay = % as = 3, ag = 2. Consider the p-Laplacian problem
2l (v (1))])" = g(t, v(t)), t € [0,1], (3.20)
0(0) =0, 4/(0) = 0, v/(1) = 3 <;’) L 0"(0) = 0, v (0) = 0,
3 1 )
o) = 30 (3) O] = 0. 16,00 O oo =0 @.21)
200 Ot =1 =2 [0, (P )],

By setting p = 2 and some algebraic calculations, we obtain K; = 0.133333, K, =
0.33333, L1 = 0.08395, Lo = 0.17284, K3 = 0.04444, L3 = 0.01451 and M = 0.00777.

(@) If g(t,v(t)) = (1 + 12902, then all the conditions of the Theorem 3.2 are satis-
fied. Therefore, the problem (3.20)-(3.21) has at least one positive solution.

(b) If g(t,v(t)) = (t3+1)%/303/4, then all the conditions of the Theorem 3.3 are satisfied.
Therefore, the problem (3.20)-(3.21) has at least one positive solution.

4. CONCLUSIONS

In this paper, we proved the existence of at least one positive solution to 3n™ order
boundary value problem with p-Laplacian by an application of Guo-Krasnosel’skii fixed
point theorem. It will be interesting to obtain multiple positive solutions for the problem
involving more general nonlinear terms by applying various fixed point theorems.
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